6. Let y(z) =v(z)/y/z. Then y' =z V29’ —z7*2y/2 and y" =z /20" -
z=3/2y’ + 3z-5/2y/4. Substitution into the ODE results in
‘ ) ’ ’ y ) 1
2" — g2y £ 3572 v/4] 4 [:z:]/zv’ —g1/? v/2] + (z* - Z)a:_”?v =0.
Simplifying, we find that
v +v=0,
with general solution v(z) = ¢; cos z + ¢, sin . Hence

y(z) =z~ 2cos x+ oz ?sin z.

8. The absolute value of the ratio of consecutive terms is
Wami2 22| 222 (m 4 ) mt |z|?
arm @ | [z 2272 (m+ 2 (m+ 1) Am+2)(m+1)
Applying the ratio test,

2m+2 I$|2
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Hence the series for J;(z) converges absolutely for all values of . Furthermore,

since the series for Jy(z) also converges absolutely for all z, term-by-term differen-
tiation results in
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Therefore, Jjj(z) = —J:(z).

_1ym—+1 _.2m+1
J(z) = N

9.(a) Note that z p(x) = 1 and z?q(z) = z? — v?, which are both analyticat z = 0.
Thus = = 0 is a regular singular point. Furthermore, py = 1 and g, = —v?. Hence
the indicial equation is 7?2 — v2 =0, with roots 7, = v and r, = —v.

(b) Set y =x"(ap + a1z + a2x® + ...+ anz™ +...). Substitution into the ODE
results in
oo

Z (r+n)(r+n-1a,z" ™" + i (r+n)a,z™™

n=>0 n=>0

o0 20
+ } :anzr—n—z —1/2 § :anxr-_-n =0.
n=>0 n=>0

After adjusting the indices in the second-to-last series, we obtain

ap [r(r—=1)+r—2v?] 2"+ a1 [(r+ 1)r+ (r+1) — 7]

+ 37 [+ )+ 7= Dan+ (r +n)an — v2an + an_2] ™" = 0.

n=2



Setting the coefficients equal to zero, we find that a; =0, and

-1
@ (r+mn)? —v? n—2)

for n > 2. It follows that a3 =a5 =... = asny1 = ... =0. Furthermore, with
r=v,

-1

n(n + 2v) -2
So for m=1,2,...,
-1 -1
aA2m A2m—-2 = ( )

- 2m(2m + 2v) 22’"m!(1+u)(2+v)...(m—1+u)(m+u)a0°

Hence one solution is
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(c) Assuming that 7, —r2 = 2v is not an integer, simply setting r = —v in the
above results in a second linearly independent solution

N (1" Z yam
v(z) =z [” 2 = )E =) 1= w12 ‘

m=1



