Math 370 Assignment 2
Section 2.3

1. Let Q(t) be the amount of dye in the tank at time ¢. Clearly, Q(0) = 200 g.
The differential equation governing the amount of dye is Q'(t) = —2Q(#)/200. The
solution of this separable equation is Q(t) = Q(0)e—*/190 = 200e~*/190, We need
the time T such that Q(T) = 2 g. This means we have to solve 2 = 200e~7/1% and
we obtain that T = —1001n(1/100) = 1001n 100 ~ 460.5 min.

13.(a) Let Q' =—rQ. The general solution is Q(t) = Qpe~"". Based on the
definition of half-life, consider the equation Qu/2 = Qoe ™", It follows that
—57307 = In(1/2), that is, 7 = 1.2097 x 10~ per year.

(b) The amount of carbon-14 is given by Q(t) = Qe ~1-2097x107"¢,

(c) Given that Q(T) = Qo/5, we have the equation 1/5 = ¢~ 1-2097x107°T _Gglying
for the decay time, the apparent age of the remains is approximately T = 13,305
years.

25.(a) Measure the positive direction of motion upward. The equation of motion
is given by mdv/dt = —kv — mg. The initial value problem is dv/dt = —kv/m —
g, with v(0) = vp. The solution is v(t) = —mg/k + (vo + mg/k)e~**/™. Setting
v(t;») = 0, the maximum height is reached at time t,,, = (m/k)In[(mg + kvg)/mg].
Integrating the velocity, the position of the body is

z(t) = —mgt/k + [(%)29 - %] (1 — e kt/m),

Hence the maximum height reached is

mo m
Tm = x(tm) = TO - g(?)2 In

mg + kv
—
(b) Recall that for § < 1, In(1+48) =6 —d%/24+8%/3-6"/4+....

(c) The dimensions of the quantities involved are [k] = MT~, [vg] = LT, [m] =
M and [g] = LT—2. This implies that kvy/mg is dimensionless.



Section 2.4

30. Since n = 3, set v = y 2. It follows that v’ = —2y %y’ and ' = —(y*/2)v'. Sub-
stitution into the differential equation yields —(y*/2)v' — ey = —oy?, which further
results in v’ 4 2cv = 20. The latter differential equation is linear, and can be writ-
ten as (ve®")’ = 20€%*. The solution is given by v(t) = o/ + ce~2**. Converting

back to the original dependent variable, y = +v~'/2 = (0 /e + ce—2t)~1/2,

33. The solution of the initial value problem y{ + 2y, =0, y,(0) = 1is y, () = e %%

Therefore y(17) = y1(1) = e~2. On the interval (1,00), the differential equation
is y3 + 1o = 0, with y,(t) = ce™*. Therefore y(17) = y»(1) = ce”!. Equating the
limits y(17) = y(1"), we require that ¢ =e~'. Hence the global solution of the
initial value problem is

—2t
e, 0<t<1
t) = )
y(t) {e_]"", t>1

Note the discontinuity of the derivative

2%, 0<t<1
'(t) = ' .
V) {—f“ﬂ t>1



