Math 370 Assignment 7
Section 5.1

7. Apply the ratio test :

n 2 n—+1 2
i 3 (n+1). (z+2)"*1] _ lim (+1)
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I(z +2) =%|(z+2)|.

Hence the series converges absolutely for % |z + 2| <1, or |[z+2| <3. The radius
of convergence is p =3. At x = —5 and = = +1, the series diverges, since the n-th
term does not approach zero.

16. We have f(z)=1/(1-2z), f'(z) =1/(1 -=2z)?, f"(z) =2/(1 —x)?,... with
f™(z) =n!/(1 —z)"*, for n > 1. It follows that f(™(2) = (=1)"*'n! forn > 0.
Hence the Taylor expansion about zy = 2 is
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Applying the ratio test,
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The series converges absolutely for |z — 2| < 1, but diverges at z =1 and z = 3.

20. Shifting the index in the second series, that is, settingn=%k+41,

o0 o0
E arz" ! = E An_1Z" .
k=0

n=1

Hence
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24. Clearly,

o0 o0

(1-2z%) i n(n —1a,z" 2 = Z n(n —1)anz" 2 - Z n(n — 1)anz".

n=2 n=2 n=2

Shifting the index in the first series, that is, setting k =n — 2,

oC oC
Z nn—1a,z" 2% = (k4 2)(k 4 Dag.oz*
n=2 k=0
o0
= Z (n+2)(n+1)ans22".
n=>0
Hence
(1—a%) Z n(n—1az"? = Z (n+2)(n+1)ans2z" — Z n(n—1)a,z".
n=2 n=10 n=2
Note that when n = 0 and n = 1, the coefficients in the second series are zero. So
(1-2%) ) nn-1az" 2= [(n+2)(n+1)an —n(n - 1a,] 2"
n=2 n=10

Section 5.2



1.(a,b,d) Let y = ap + a1z + azx® +... + anz™ +.... Then

o

oC
y' = Z n(n — Daz" % = Z(n +2)(n+1appz”.
n=>0

n=2

Substitution into the ODE results in

o0 o0
Z(n+2)(n+ Dant2z" — Z anz" =0
n=0 n=0
or

i (n+2)(n+ 1ans2 —ax]z" =0.

n=10

Equating all the coefficients to zero,
(n+2)(n+1)an+2 —an =0, n=0,1,2,....

We obtain the recurrence relation
Ay

n+2 = ) - ,1,2,....
Ont2 (n+1)(n+2) n=0
The subscripts differ by two, so for £k =1,2,...
P Q2k—2  _ A2k—4 _ _ %
kT 2k—1)2k (2k-3)(2k-2)(2k—1)2k " (2k)!
and
o e a2k—3 _ _
T okk+1) (2k—2)(2k—1)2k(2k+1) T (2k+1)!
Hence
2k 0 p2k+1
Yy =ao Z +a Z
= (2k)! k=0(2k+1)‘
The linearly independent solutions are
- 6
y1=1+2'+4—!+6+ = cosh x
3 o
3}2—$+§+§+7+ = sinh z

(¢) The Wronskian at 0 is 1.



