Math 370 Assignment 9

Sec. 5.4
38. Substitution of y = a" results in the quadratic equation 7? + (@ — 1)r 4+ 5/2 =
0. Formally, the roots are given by

T_1_aim_l—ai\/(a—l—mxa-u\/ﬁ)
- 2 N 2 '

(i) The roots will be complex if |1 — a| < /10. For solutions to approach zero, as
T — oo,weneed —vV10 <1 —-a<0.

(ii) The roots will be equal if |1 —a| = /10 . In this case, all solutions approach
zero as long as 1 —a=—Vv10 .

(iii) The roots will be real and distinct if |1 — a| > /10. It follows that

l—a+ Va2 -2a-9

TTRIIJ? 2

For solutions to approach zero, we need 1 —a + Va? —2a—9 < 0. That is,
1 —a < —/10 . Hence all solutions approach zero, as ¢ — oc, aslongas a > 1.

Sec. 5.5



1.(a) P(z) =0 when z = 0. Since the three coefficients have no common factors,
z = 0 is a singular point. Near z = 0,
. (@) = I 11
o) = Imag, =3
51

. 2 T 22 _
amyeale) =iy =0

Hence z = 0 is a regular singular point.

(b) Let
o0
y=a(ag+az+ax®+...+a,z"+...)= Z a, z" ",
n=10
Then
oC
y' = Z(r+n)a,,:c""’"“
n=0
and

o0
y"' = Z (r+n)(r+n—1az "2,



Substitution into the ODE results in

o0 ac o
2 ) (r+n)(r+n—1a, @™+ Y (r+n)ag T + Y et =0,

n=0 n=>0 n=>0

That is,
oC o oC
2 Z(r +n)(r+n—1a,z"" + z (r+n)a,z™ " + Z Qp_px" T =0.
n=0 n=10 n=2

It follows that
ag [2r(r —1) +7]2" + a1 2(r + V)r + 7+ 1]z

+Z 2(r +n)(r+n—1)an + (r +n)an +an—2]z"™™ =0.

n=2

Assuming that ag # 0, we obtain the indicial equation 2r? —r =0, with roots
r1=1/2 and r» = 0. It immediately follows that a; = 0. Setting the remaining
coefficients equal to zero, we have

—Qp—2

n = s =2,3,....
B G I R
(¢) For r = 1/2, the recurrence relation becomes
—Qn-2
Ap = ———ey M =12,3,....
" n(1+2n)

Since a; = 0, the odd coefficients are zero. Furthermore, for k =1,2,...,

G = —O2k=2 A2k —4 _ (—=1)*ao
% T Ok(1+4k)  (2k—2)(2k)(dk —3)([dk+1)  2FKI5.9-13...(4k+ 1)

(d) For r = 0, the recurrence relation becomes
, m=2,3,....

Since a; = 0, the odd coefficients are zero, and for k = 1,2,...,

ek a2k —4 _ (—1)*ao
P ok(ak — 1) (2k —2)(2k)(4k — 5)(dk — 1)  2%K13.7-11...(dk—1)"

The two linearly independent solutions are

@ =va |1+ s L™
e 22 k15913 ... (4K + 1)

(x) =1+ i 1)
PREITIT 2L ks T T (k1)




3.(a) Note that zp(z) =0 and z?q(z) = z, which are both analytic at z = 0.

(b) Set y = z"(ap + a1x + asx® + ... 4+ anx™ +...). Substitution into the ODE re-

sults in
o0

o0
Y (r+n)(r+n—1a,z™ "+ Y a8 =0,

n=10 n=0
and after multiplying both sides of the equation by z,

o0

Z(r+n)(r+n— Danz™" + Z An_1z” " =0.

n=1( n=1

It follows that

ap [r(r—1)]z" + i (r+n)(r+n—1)an+an1]z" " =0.

n=1

Setting the coefficients equal to zero, the indicial equation is r(r —1) =0.

roots are 7; = 1 and ro, = 0. Here r; — 7, = 1. The recurrence relation is
—0n-1

n = y = 1,2,...
a4 (r+n)(r+n-1) "
(¢c) Forr=1,
—Qn-1
= — =1 2 R
n nn+1)’ =D
Hence forn > 1,
_ —Qn-—1 _ Ap—2 _ _ (_l)na()
nn+1) (m—-1n%*(n+1) ~~ aln+1)!

Therefore one solution is

)=z Z ( L"a”

n‘(n+ nt’

The



