Math 473 PDE Solutions for A5

Section 4.3
3. If f(—x) = f(x), then using the chain rule f'(—z)(—1) = f'(z) (i.e., f'(x) is

odd), etc..

9. (a) Since f(x) is even about z = %, we have b, = 0 for n even, and
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Thus, w(z,t) = W—oz (2(771-:1) e EmH T gin (2m 4 1) 7).
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(b) The initial heat energy outflux through the endpoints of [%—6, %-i—e] is propor-
L €
tional to u,(§—€,0)—us(3+€,0) = 1—(~1) =2 = — (% ff+ u(z,t) d:z:) o
& b 5 (S t=
(dt26u(,, ))t 0o+ = —2¢uy (5,07) for small ¢, if we were to assume that

wy ( ,,O+) exits. Thus, —eut(g,() ) ~ 1 regardless of the size of ¢, which is
impossible. Thus, u;(3,07) cannot exist.
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10. (a) The B.C. dictate that f(z) needs to be represented by a series of the
form
>0 Casin[(n+ +)z]. Thus, by Theorem 3,

Cp = / f(a )qm (n+ - ) )da:
_ _/ sin ((n+ 2)2 ) o — 2 s (@t 4)r) '

s s n+%
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Thus, the formal solution is

u(z,t) = % Z cos((n+3)3) o (ns3) e ((n + ;) )

1
n=0 n+ 2

(b) Note that u(%,0) = $[f(£7) + f(¥ )] =& # 1 = f(%). Moreover, for any
N, we can find € > 0 such that u, (% + ¢,0) < % while f(% +¢) = 1. Thus,

[un (2 +€,0) — fe)] > &

Section 4.4

7. (a) exp (f ‘1—_‘ d;l:) =exp([—Ldz) =21, (zy') + 22 ;_"”‘2 y =0.
1 :1:2)y’)l +m(m+1)y =0.

exp (fll;zfda) = exp (—J;f 1"2%'2 da:) = \/%’ ( /1 — 2:_23/’)' +

=0.

(d) exp ([ —2xdx)=e **, (e "y’) +2me “y =0.
(e) cxp(fL:,’— ): o ([~1dx) =e ", (xe “y)' +my = 0.



10. This is a direct consequence of Theorem 5. Alternatively,
1
(m(m +1) —n(n+1)) [ yu(@)ym(x) do
= f L Yn(@)m(m + 1)y, () do — fll n(n + 1)yn () ym (z) dz

=~ [N @) (1~ 22l (@) da + [ (1 22) (2) yon (@) d
= 1 (@) (1 2y, (@) dz — [, (1 22)yl @)yl (z) de = 0.

13. Let y(x) be an eigenfunction. Then

A /leu)zda:: [y“(a:)y(x)dx:z/(as)y(a:né— / (@)2 do = —y( / [y (@)]dz <0,

since y(z) is not constant (otherwise y(x) = 0 by the first B.C.). Thus,
A fo y(x)2dz > 0, and so A > 0.



